We extend the generalized Langevin model, 1 originally developed for the Lagrangian fluid particle velocity in constant-density shear-driven turbulence, to variable-density (VD) pressure-gradientdriven flows. VD effects due to non-uniform mass concentrations (e.g. mixing of different species) are considered. In the extended model large density fluctuations leading to large differential fluid accelerations are accounted for. This is an essential ingredient to represent the strong coupling between the density and velocity fields in VD hydrodynamics driven by active scalar mixing. The small scale anisotropy, a fundamentally "non-Kolmogorovian" feature of pressure-gradient-driven flows, is captured by a tensorial stochastic diffusion term. The extension is so constructed that it reduces to the original Langevin model in the limit of constant density.
I. INTRODUCTION

Haworth and Pope
1 developed the stochastic model for the Lagrangian fluid particle velocity, v where ̺ 0 , p and ε are the constant density, pressure and the dissipation rate of turbulent kinetic energy, respectively. The coefficients, G ij and C 0 , are specified by the particular model of choice. Eq. (1) is a stochastic differential equation (SDE) of the diffusion type, where dW i (t) is an isotropic Wiener process 3 and the overbar denotes the ensemble average.
Eq. (1) is used to represent the probability density function (PDF) of velocity. In PDF methods 4 a transport equation is solved for the joint PDF of several flow variables. In most cases the equation is of Fokker-Plancktype and its numerical solution amounts to following a large number of Lagrangian particles in a Monte-Carlo fashion, whose properties are governed by an equivalent system of SDEs, such as Eq. (1) for the particle velocity. These computational particles do not correspond to real fluid particles, but the statistics of an ensemble are representative of the local statistical behavior of the flow over many realizations.
A. Variable-density pressure-gradient-driven turbulence
Our goal is to extend Eq. (1) to variable-density (VD) pressure-gradient-driven turbulence (PGDT), a class of flows that is fundamentally different from constantdensity shear-driven flows. A classical example of PGDT is the Rayleigh-Taylor (RT) instability of an interface between two fluids of different densities in a gravitational field that points to the opposite of the density gradient. [5] [6] [7] RT flows are important in several geophysical, astrophysical and engineering applications.
Boussinesq limit. If the densities of the mixing fluids are commensurate, PGDT is treated in the Boussinesq limit: the density fluctuations are small compared to the mean density and are only important in the body force term of the Navier-Stokes equation. A discussion of RT-turbulence in the Boussinesq case, with a self-similar analysis at the second moment level, is given by Ristorcelli and Clark. 8 Variable-density case. In situations where the fluids have vastly different densities the term variable-density is used to distinguish it from the Boussinesq case. A commonly used measure of VD effects is the Atwood number,
where ̺ 1 < ̺ 2 denote the constant densities of the pure fluids in a binary mixture. A ≈ 0 corresponds to the Boussinesq case, while A → 1 to largely disparate species densities, ̺ 1 ≪ ̺ 2 . Mixing at high Atwood numbers, compared to the Boussinesq case, is accompanied by several new effects: (1) the advection term in the NavierStokes equation gives rise to cubic non-linearities, (2) additional non-linearities in the molecular diffusion terms, (3) a dynamic mean pressure gradient, and (4) the asymmetry of the mixing layer. In these flows the mean specific volume becomes an important independent variable. As a consequence of these new phenomena both hydrodynamics and mixing exhibit qualitatively different behavior compared to the Boussinesq case.
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Challenges associated with VD-PGDT. The above description highlights the tight coupling of the density and velocity fields in VD flows. This poses unique challenges, compared to classical (and more extensively researched) constant-density shear-driven turbulence. They can be enumerated as follows:
1. Mixing-driven: The hydrodynamics of VD-PGDT may primarily be driven by material mixing. Beside mean deformation a dominant production mechanism of turbulent kinetic energy is due to the joint effects of non-uniform fluid concentrations and pressure gradients. The (stochastic) density field is an active scalar in the momentum equation.
2. Turbulence asymmetry: At high Atwood numbers the mixing process becomes asymmetric. Fluid particles representing different instantaneous density (and thus different inertia) respond very differently to pressure gradients. 12 As a consequence, in a homogeneous Rayleigh-Taylor flow an initially symmetric density distribution quickly develops a sizeable skewness. 9, 10 Similarly, the non-Boussinesq behavior of the pressure leads to asymmetry in the profiles of the mean velocity and the turbulent kinetic energy across inhomogeneous RT mixing layers. 13 In contrast the Boussinesq case remains symmetric.
3. Non-equilibrium: The flow evolution is highly nonequilibrium as the production-to-dissipation ratio ranges from hundreds to nearly zero. 4. Transitional: The Rayleigh-Taylor mixing layer transitions to fully developed turbulence starting from a quiescent state.
5. Non-stationary: At no point in time can the flow be deemed statistically stationary. 6 . Anisotropic: Due to the large external acceleration force, anisotropy is important at both large and small scales.
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The fundamental physics of the flow evolution must be captured at several different stages. As an example, in an inhomogeneous Rayleigh-Taylor flow, 11, 14 two pure fluids are initially separated by a thin perturbed interface in a quiescent state: the heavy fluid lies on top of the light one with gravity acting downwards. Due to the unstable configuration, bubbles and spikes grow and penetrate into each other in a laminar stage, which then break up into smaller Kelvin-Helmholtz-like eddies. The flow transitions into a fully developed turbulent mixing layer with its width growing as long as pure fluid is entrained at the edges. Another example is the homogeneous RayleighTaylor mixing layer, 9, 10 in which the process starts from a quiescent state with random blobs of two pure fluids (in a closed computational box), corresponding to the center of an inhomogeneous RT layer. Potential energy is gradually converted to kinetic energy during transition to a fully developed turbulent state. After reaching a peak in kinetic energy, a viscous decay due to small scale dissipation ensues.
Modeling challenges of VD turbulence. From the viewpoint of statistical turbulence modeling the main challenges are:
• To devise a mutually consistent representation for hydrodynamics and mixing. The model must correctly take into account the effect of the active scalar, the density, on the velocity field, and the mixing of the scalar by the turbulent velocity field.
• To represent very different flow-evolutionary stages within the same method. The model must evolve the flow from a quiescent initial condition through an initially laminar stage, via the highly non-linear process of transition to fully developed turbulence, followed by a possible decay if pure fluids are no longer entrained.
• To provide a higher level statistical description than current VD moment closures. We require the model to predict the full one-point one-time probability distribution function of the active mixing field (the density), due to its fundamental role in mixing-driven VD flows.
• To formulate a simple method that captures the essentials. The numerical method must be computationally inexpensive, so that it can be used as an engineering closure.
PDF methods seek to compute the one-point joint PDF of the fluctuating flow variables. Reviews on PDF methods for turbulent flows are provided by Pope, been constructed (see e.g. Ref. 18) that are routinely used today in combustion simulations. 17 To highlight the challenge of PDF methods for VD turbulence, the fundamental assumptions of the standard PDF methodology for hydrodynamics, Eq. (1), are enumerated as follows:
1. Uniform-density formulation. Eq. (1) has originally been developed for constant-density flows, ̺ 0 = const. In low-speed combustion the fluid density is treated as a function of the species concentrations and temperature, ̺ = ̺(y, T ), and the mean density, ̺, is used in place of ̺ 0 . This non-constant, but from the viewpoint of the momentum equation still uniform-density case, does not take direct effects of a stochastic variable density field on the particle momentum into account. This is most easily seen in the pressure-gradient term of Eq.
(1) and less directly in the other two terms which will be discussed in more detail.
2. Small scale isotropy. With the isotropic stochastic diffusion term, δ ij dW j , Eq.
(1) adheres to Kolmogorov's hypothesis of local isotropy by construction.
Situations where the hypothesis is known to fail are non-equilibrium, highly-distorted, moderate-Re or VD flows. The fluctuating velocity field in these cases may exhibit significant level of anisotropy at the small scales. 13, 19, 20 3. Fully developed turbulence. Eq. (1) assumes a fully developed, i.e. high-Re, flow with isotropic inertial range scaling.
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The above general discussion makes it clear that developing a PDF model for VD flows is a largely unexplored territory. Due to the wide variety of challenges associated with non-stationary variable-density flows, the development is documented in a series of three papers, as described in the following subsection. This article is the second in the series.
B. Objectives of the article
Our aim is to develop a model that represents the temporally evolving joint PDF of density and velocity in variable-density pressure-gradient-driven turbulence. The development is carried out in three parts:
1. Development of a VD material mixing model. A previous article, 2 devoted to the density equation, addressed the challenges associated with active scalar mixing in VD flows and developed a Lagrangian stochastic equation to represent conservation of mass.
2. Development of the Langevin model for the velocity field in VD flows. The extension of the momentum equation from constant-density shear-driven flows to VD-PGDT is the subject of this paper. Two critical ingredients and their rigorous mathematical consequences will be discussed:
(a) The representation of the instantaneous density field in the momentum equation, resulting in an appearance of the mass flux (and thus turbulence production) that does not require explicit modeling; and, (b) The introduction of a new tensorial stochastic diffusion term representing small scale anisotropy.
3. Joint PDF model specification and validation. The strongly coupled nature of active material mixing and hydrodynamics in VD-PGDT will require a joint model. This is the subject of a forthcoming article, 21 which will combine the ideas about mixing and hydrodynamics into a comprehensive modeling framework.
C. Navier-Stokes equation for variable-density flow
It seems appropriate to specify, at the outset, the dynamic level of hydrodynamical approximation that is to be modeled.
We consider variable-density flows, where differences in fluid density arise solely from non-uniform mass concentrations, e.g. due to mixing of different fluids. Density variations originating from pressure and temperature changes are neglected at this time, ̺(y, p, T ) = ̺(y).
For this class of variable-density flows, the NavierStokes equation, governing the instantaneous fluid particle velocity, v i , in the presence of viscous and external forces, is written symbolically as
with the specific volume,
Here g i , p, ̺ and µ denote the acceleration force per unit mass, the pressure, the density and the constant dynamic viscosity, respectively. Although in VD flows the viscosity is non-uniform, at this time we take µ ≈ const. as we are interested in exploring the new simpler physics (VD turbulence) without the complicating issues of nonuniform viscosity. Accordingly, in Eq. (3) the viscous force is approximated as 
In the following we will denote a constant density by ̺ 0 and the variable one by ̺.
D. Outline of the paper
To set the stage, the generalized Langevin model, Eq. (1), developed for shear-driven constant-density flows, is reviewed in Sec. II. This is to point out its most important underlying assumptions and so that the later development can highlight the major differences in VD flows. The Langevin equation is extended to VD-PGDT in Sec. III. Sec. IV investigates the new features of the variable-density SDE by deriving its ensemble moment equations and comparing them to those derived from the Navier-Stokes equation. Sec. V does the same for the Favre moments. This is to put the proposed PDF formulation into context with Favre VD moment closures. Sec. VI discusses the VD PDF model in the Boussinesq limit. The important characteristics of the formulation and the main results are summarized in Sec. VII.
II. REVIEW OF THE LANGEVIN MODEL FOR CONSTANT-DENSITY SHEAR FLOWS
This section reviews the generalized Langevin model and its underlying assumptions.
Decomposing the velocity and pressure into mean and fluctuating parts, the Navier-Stokes equation for constant-density flows, Eq. (5), takes the form
with the fluctuation defined as y ′ = y − y. A widely used model equation for the particle velocity, v * i , in constant-density shear flows is the generalized Langevin model (GLM),
In the following, the star superscript ( * ) will denote a model for an instantaneous quantity, such as v * i for v i . In Eq. (7) G ij is a second-order tensor which, in shear flows, is assumed to depend on local values of the Reynolds stress, v ′ i v ′ j , the dissipation rate of turbulent kinetic energy, ε, and the mean velocity gradient, v i,j . C 0 is a positive constant and dW i (t) is a vector-valued Wiener process 3 with zero mean and covariance dW i dW j = dtδ ij . The statistics on the right hand side of Eq. (7) are understood to be evaluated at the particle position, x * i , governed by
Three fundamental assumptions underly Eq. (7):
1. The Markov property, 3 which assumes that the velocity can be described by a Fokker-Planck equation and, equivalently, by a SDE, such as Eq. (7).
Strictly speaking, turbulence is not a Markovian process, but the fluctuations in the inertial subrange, for which Eq. (7) has been developed, can be closely approximated by Markov processes. 15 However, linearity (as an approximation) may be justified by (1) the correct behavior of the equation in homogeneous shear turbulence, i.e. an arbitrary velocity PDF relaxes to a joint normal, and (2) that realizability of the Reynolds stress tensor is automatically satisfied provided that C 0 is non-negative and G ij and C 0 are bounded.
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3. Local isotropy: the isotropy of the diffusion term (C 0 ε) 1/2 δ ij dW j implies isotropy at the small scales, thereby ensuring consistency with Kolmogorov's hypothesis of local isotropy.
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Since the first drift term of Eq. (7) represents the effects of the mean forces on the particle and the last two terms do not affect the mean, the equation is consistent with the mean of the Navier-Stokes equation (5) . 25, 26 A direct consequence of the linearity of the second drift term in v * i and the independence of v * i of the stochastic term is Gaussianity of the joint velocity PDF. Comparing Eqs. (6) and (7) shows that the last two terms in Eq. (7) jointly model the combined effect of the fluctuating pressure gradient and viscous dissipation:
An important consistency condition on the coefficients G ij and C 0 is
which ensures that no spurious turbulent kinetic energy,
, is created in homogeneous turbulence by the model. Eq. (10) is obtained from comparing the evolution equations that govern k in homogeneous turbulence: the one derived from the Langevin model, Eq. (7), and the one from the Navier-Stokes equation (5) . The constraint in Eq. (10) ensures the same form for the k equation:
where P is the shear production. The simplest way to define G ij to satisfy Eq. (10) is then
resulting in the simplified Langevin model (SLM), 1 which corresponds (at the Reynolds stress level) to Rotta's model of return-to-isotropy.
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The most important characteristics of the generalized Langevin model have been summarized: (1) the model equation is consistent with the mean Navier-Stokes equation; (2) the mathematical form accommodates Kolmogorov's hypothesis of local isotropy; (3) a realizable Reynolds stress model is ensured, provided the coefficients satisfy certain mild conditions; and (4) the predicted joint velocity distribution is Gaussian.
III. A LANGEVIN MODEL FOR VARIABLE-DENSITY PRESSURE-GRADIENT-DRIVEN FLOWS
This section extends the Langevin model, Eq. (7), to VD-PGDT and discusses its main ingredients.
We propose to model the Lagrangian velocity increment in VD turbulence by
with positive bounded tensorial diffusion h ij , bounded functions φ I > 0 and φ D > 0, and independent Wiener processes dW i and dW ′ j . The SDE (13) differs from (7) in three distinct ways, subsequently discussed in more detail in the following three subsections:
A. Instantaneous density. Eq. (13) is intended to be coupled to a stochastic equation governing the instantaneous density field, ̺ * , representing conservation of mass.
B. Relaxation to Favre-averaged velocity. The linear relaxation term,
The constant, C 0 , in the original isotropic diffusion term is exchanged to φ I which together with φ D will be specified later.
A. Instantaneous density
In VD turbulence large density variations play a major role and, compared to the Boussinesq case, the density fluctuations can no longer be neglected in the inertia terms of the Navier-Stokes equation. Extending the SDE (7) to VD flows requires a representation of the variable density field. Eq. (13) accomplishes this in the most profitable way allowed by one-point PDF methods: a stochastic density equation, such as discussed in Ref.
2, is coupled at the instantaneous (particle) level.
Comparing the constant-density and variable-density models, Eqs. (7) and (13), we see that in the VD case the particle density, ̺ * , divides the mean pressure gradient and the large-scale viscous terms,
which has the following consequences:
• The full density PDF is coupled to the mean forces in the momentum equation. Since the governing equation for ̺ * provides the full density PDF, the mixing state is represented by including the effects of all density moments. As Ref. 21 will demonstrate, this is crucial in capturing the asymmetric PDF of the fluid density at high Atwood numbers. Eqs. (14) and (15) ensure the coupling of the density PDF to (i.e. the effects of all its moments on) the mean forces.
• The effects of the mass flux on the Reynolds stress appear closed. As will be shown in Sec. IV, Eq. (14) is the key to represent the effect of the mass flux on the Reynolds stress in closed mathematical form. This is crucial in variable-density pressuregradient-driven flows, as the mass flux relates to a primary mechanism of kinetic energy production, which in moment closures requires additional model equations.
The Navier-Stokes equation for VD flows, Eq. (3), with the velocity and pressure decomposed, is
where the instantaneous specific volume, v = v + v ′ , is not decomposed. Comparing Eqs. (13) and (16) shows that the combined effects of the fluctuating pressure gradient and viscous dissipation (which now are multiplied by the instantaneous specific volume, v = 1/̺) are jointly modeled as
In other words, in Eq. (13) the last three terms are a model, while the representation of the mean forces (modulated by the instantaneous specific volume,
This is a consequence of the availability of the one-point density PDF, represented here via the instantaneous ̺ * . Although the governing equation of ̺ * may contain modeling, 2 the coupling of ̺ * to the mean forces terms of the momentum SDE (13) is mathematically exact. As long as the joint densityvelocity PDF is valid (whose definition is discussed later) and the marginal density PDF ensures conservation of mass, the statistics involving the density, such as ̺ ′ v ′ i , are finite, consistent and physically realizable. This is discussed further in Sec. IV. In this paper, we do not assume a particular functional form for ̺ * , only its availability and validity. Ref. 2 discusses one choice of the density equation, which can be used in conjunction with Eq. (13) . However, we emphasize that the current development is independent of the functional form of the density model.
B. Relaxation to Favre-averaged velocity
Comparing the constant-density and variable-density SDEs, (7) and (13), shows that the linear relaxation term in the VD case involves the Favre-average of the velocity field,
The same approach has been taken by Delarue & Pope 28 to develop a PDF model for high-speed compressible shear flows. In the application of Eq. (7) to turbulent combustion relaxation to the Favre average is a standard procedure. Sec. IV will show that Eq. (18) is instrumental in representing the effects of the fluctuating specific volume on the mean velocity, important in mixing flows with large density differences.
C. Small scale anisotropy
In high-Reynolds-number shear flows it is generally assumed that the small scales become isotropic and independent of the (anisotropic) large scales where most of the turbulence production takes place. Exceptions are strongly distorted flows 20 or, as recently shown by Livescu & Ristorcelli, 10 Livescu et al. 11, 13 and Chung & Pullin,
19 the Rayleigh-Taylor mixing layer. In RT flows the buoyancy force has a significant effect on the smallest scales, resulting in small scale anisotropy. This is apparent in the Reynolds stress anisotropy,
at high wavenumbersκ, 13, 19 and in the dissipation rate anisotropy,
The above studies show that this is prevalent in the Atwood number range A = 0.04 ∼ 0.75. We are interested in the full Atwood number range of 0 < A < 1. Consequently, assuming small scale isotropy, d ij ≈ 0, in such pressure-gradient-driven flows is not justified. Accounting for the dissipation rate anisotropy is crucial in predicting the correct Reynolds stress tensor, whose budget is directly affected by d ij via the small scale dissipation term ε ij = 2ε(d ij + δ ij /3), see also Eq. (36) . The anisotropic behavior of ε ij , governed by d ij , is responsible for different dissipation rates of the individual components of the Reynolds stress.
In the constant-density model SDE (7), the small scales are isotropic by construction, which is built into the stochastic term, (C 0 ε) 1/2 δ ij dW j , in accord with Kolmogorov's hypothesis. As will be shown in Sec. IV, in the absence of shear production, a source of (single-point) anisotropy in b ij can be represented by an anisotropic specification for G ij , while both b ij (κ) ≈ 0 and d ij (κ) ≈ 0 at the small scales. As PGDT exhibits anisotropy at both large and small scales (in both b ij and d ij ), the variable-density velocity model, Eq. (13), relaxes the third assumption implied by Eq. (7) and abandons the consistency with Kolmogorov's hypothesis of small scale isotropy. It replaces the isotropic diffusion term by the sum of an isotropic and an anisotropic (tensorial) diffusion term as
The first term in Eq. (19) , proportional to φ I , is designed to account for the effects of the isotropic part of the kinetic energy production/dissipation, while the second one, proportional to φ D and h ij , for the effects of its deviatoric part. As will be shown in Sec. IV, Eqs. (28) (29) , the stochastic diffusion terms in Eq. (19) are source/sink terms, depending on the sign of the given Reynolds stress component.
The tensorial term in Eq. (19) is assumed to be proportional to ε = ε kk /2. This is a conventional procedure in low-Reynolds-number flows, such as near walls, 27, 29 and justified here by d ij (t) being non-zero through all the Rayleigh-Taylor flow evolution, see Fig. 16 in Ref. 10 . In other words, the scalar kinetic energy dissipation rate, ε, is made anisotropic by the tensor h ij in the VD model. This ensures that the small scales are anisotropic: the Lagrangian velocity structure function of the process governed by Eq. (13) becomes
with s ≪ τ ≪ T , where τ and T ≡ v k,k −1 denote the time scales of the dissipation and the mean deformation, respectively. As will be shown in Sec. IV, h ij , as a contribution of the small scales, provides an additional source (beside G ij ) in the budget of the one-point Reynolds stress anisotropy, b ij .
Constraints. Up to this point, the functional forms of the diffusion terms for VD flows, given by Eq. (19) , are formulated based on physical insight and mathematical consistency. These are:
• Small scale anisotropy. The anisotropy of RT flows, indicated by both b ij = 0 and d ij = 0 at the small scales.
• Correct unit. As φ I and φ
1/2
D h ij are assumed to be non-dimensional, each component of the diffusion terms has the unit as that of √ εdt.
• Second-order tensor coefficient. The simplest way to introduce directional dependence into the joint statistics of the fluctuating velocity components is to do so via the product of a second-order tensor and a vector-valued Wiener process.
The coefficients φ I , φ D and h ij must be specified based on the following considerations:
1. Consistency with the SDE. The coefficient tensor should be a square root of a symmetric and nonnegative semi-definite tensor, H ij = h ik h jk . This is required mathematically for a SDE, such as Eq. (13), to represent a diffusion.
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2. Reflect the physical source of small scale anisotropy.
The diffusion coefficient tensor, h ij , should be a function of the given source of small scale anisotropy. In buoyantly driven flows this may be the buoyancy force, g i , in other types of externally accelerated or strongly distorted flows, the body force, the pressure-gradient force or the mean strain rates, responsible for the anisotropy. This ensures that the model directly represents the effect of the source of anisotropy on the small scales.
3. Correct distribution. None of h ij , φ I or φ D should be an explicit function of the particle velocity, v * i , if the Gaussianity of the joint velocity PDF is to be preserved. In constant-density homogeneous shear flows the velocity distribution is very close to a joint normal.
32 Low-Atwood-number direct numerical simulations (DNS) show that joint Gaussianity of the velocity components is also a good approximation in RT flows. 33 As the drift of the Langevin equation (7) is linear and its diffusion is not an explicit function of v * i , it is an OrnsteinUhlenbeck process, 3 whose statistically stationary solution is a Gaussian. As an asymptotic requirement of the VD model Eq. (13) , that is to reduce to the constant-density Langevin model, the new diffusion terms should approach this attribute as a limit when ̺ ′ → 0.
4. Asymptotic small scale isotropy. As an extension of the model for shear flows, the new model is required to reduce to small scale isotropy if its source vanishes.
5. Correct one-point anisotropy. The combined effects of the new stochastic diffusion terms with φ I , φ D , h ij and G ij should be the correct level of one-point anisotropy in the correct components of b ij .
6. Consistent turbulent kinetic energy. Introducing anisotropy at the small scales must not create spurious turbulent kinetic energy. In other words, the kinetic energy budgets of the VD PDF model and of the Navier-Stokes equation must be consistent with each other, similarly to Eq. (11) in constantdensity flows.
D. Summary
The extension of the constant-density Langevin model to variable-density pressure-gradient-driven flows comprises of (1) working with the instantaneous massdensity, (2) relaxation towards the Favre mean (instead of the Reynolds mean) velocity, and (3) accounting for small scale anisotropy with a new tensorial diffusion term (instead of built-in local isotropy).
In the next sections we examine the equations governing the moments of the VD SDE (13) . The derived moment equations are rigorous mathematical consequences of the particular functional form of Eq. (13), which establish constraints on the coefficients, G ij , h ij , φ I and φ D , that serve as a guideline for model specification.
IV. REYNOLDS MOMENT EQUATIONS
To investigate the new features of the SDE (13), and to aid the specification of its coefficients, the evolution equations for the first two moments of velocity, derived from the PDF model and the VD Navier-Stokes equation, are compared and examined. Here we discuss ensemble (or Reynolds) averaged statistics as they explicitly show the effects of the density fluctuations. Sec. V discusses the Favre moments. 
where H ij is a symmetric non-negative semi-definite tensor with its Cholesky-decomposition
Beside specifying the coefficients, G ij , H ij , φ I and φ D , Eq. (21) can be closed if a model for the dissipation rate, ε, is specified. Such a model is given by van Slooten et al.
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The particular form of the density equation, that yields additional fluxes in the density sample space in Eq. (21), is not important for our purposes. A density model, based on the beta PDF, is given in Ref. 2. However, the beta model is only one of many possibilities and thus we do not detail the functional form of the density process, ̺ * (t). Eq. (21) only signals the availability of the instantaneous density field (as a sample space variable, ̺) and thus the full density PDF.
In PDF methods, terms originating from the physical process of advection appear in closed form, thus we will incorporate these in the Lagrangian derivative. As a consequence, the derived moment equations will represent the rate of change along instantaneous Lagrangian paths, as specified by
This allows us to concentrate on the fundamental physics due to pressure-gradient and viscous forces and their modeling, separately from advection. It is worth emphasizing that the terms underlying d(·)/dt may be different in equations governing different statistics. In a joint PDF formulation for density and velocity, both Favre and Reynolds-averaged statistics can be obtained from the PDF. Variable-density flows are traditionally investigated in the Favre-averaged framework, in which the moment equations take a simpler form at the price of concealing some effects of the density fluctuations. We work here with Reynolds-averaged statistics for three reasons:
1. With Reynolds averaging the effects of density fluctuations are made clear.
2. All new features of the extended model can be investigated through equations for the Reynolds moments, as will be seen.
3. In the PDF framework modeling is not performed explicitly on the moment equations, nor are these explicitly discretized and solved. Therefore, from the viewpoint of analyzing the features of the velocity model, it is unimportant which type of statistics we investigate.
In the following, we concentrate on the new features of the extended model, Eq. (13), in VD flows where the density fluctuations are large, compared to the GLM, Eq. (7), in constant-density flows. The Favre-averaged moments and the Boussinesq limit are discussed in the subsequent sections.
B. The ensemble mean velocity equation: vi
The modeled Reynolds-averaged mean velocity equation in VD flows is derived from Eq. 
with the Favre fluctuation of the velocity, v
For comparison to the constant-density case, the corresponding mean velocity equation, derived from the generalized Langevin model, Eq. (7), reads
Comparing Eq. (24) to its counterpart, derived from the Navier-Stokes equation for VD flows, Eq. (3),
indicates that the combined effects of the fluctuating specific volume (last two terms) are represented by the variable-density model as
The comparison of the right hand sides of Eqs. (24) and (26) also shows that employing v j instead of v j in Eq. (13) would diminish the effect of v ′ on the mean velocity, since it would imply −v ′ p ′ , i + µv ′ ∇ 2 v ′ i = 0. This is not justified in VD flows with large density fluctuations. In contrast, Eq. (27) indicates how the effects of the fluctuating specific volume are incorporated into the velocity model for VD flows.
To summarize, the product of the tensor G ij and the mass flux, v ′′ i , jointly represents the correlations of the specific volume with the pressure gradient and viscous diffusion, Eq. (27) . Compared to the constant-density case, this is an additional task, required of G ij , in VD flows with large density fluctuations. 
where the identity
has been used in the terms involving G ij . For comparison to the constant-density case, the GLM equation (7) yields
In Eq. (28) the tensor M ij is defined as the integral over the whole sample space of the joint density-velocity PDF,
M
are an important source of turbulence in VD flows and reflect the fact that Lagrangian particles of different-density fluids accelerate very differently in response to pressure gradients.
Since ̺v = 1, the specific volume flux, v ′ v ′ i , appearing in the Reynolds-averaged formulation, is related to the mass flux by
Consequently, v ′ v ′ i can be expressed in terms of ̺ ′ v ′ i , and M ij can be written as
where
All one-point statistics of ̺, v and v i can be extracted from the joint PDF, f , therefore the terms in Eq. (32) require no explicit closure assumptions in the PDF formulation. The representation of M ij is consistent, provided the joint density-velocity PDF is valid. The necessary and sufficient conditions that establish the validity of the PDF, f (̺, v; x, t), are:
2. Normalization property:
3. Conservation of mean mass: f (̺, v; x, t) satisfies conservation of mass in the mean,
In other words, if a mass-density model, satisfying the above three conditions, is coupled to the VD SDE (13), the representation of M ij remains consistent. Such a density model is discussed in Ref. 28), is the consequence of employing the instantaneous particle density, ̺ * , in the mean forces terms of the SDE (13) .
The Favre Reynolds stress equation, derived from the SDE (13) and the Navier-Stokes equation (3), are discussed in Sec. V. As will be shown, in that framework the effects of the mass flux in the first line of Eq. (32) appear
The equation governing the ensemble Reynolds stress in VD flows, derived from the Navier-Stokes equation (3), is
with the redistributive, transport, dissipative terms, and the triple correlations, respectively,
Note that production due to mean deformation, (28) and Navier-Stokes (36) Reynolds stress equations in VD flows shows that the terms involving G ij and ε provide a joint model as
Eq. (41) indicates that the terms in G ij and ε in the SDE (13) represent the combined effects of the pressurestrain correlation, turbulent transport, dissipation and the triple correlations. It also shows that M ij does not require modeling. The model terms of Eq. (13), the ones involving G ij and ε, do not account for M ij , which appears naturally in the moment equation (28) . M ij is the most important term that drives variable-density pressure-gradient-driven turbulence. In second-order moment closures for VD flows equations for the first two Favre moments, v i and v (32) show, in the PDF formulation no modeling of a i andb is required. If the joint PDF is valid, the representation of both a i and b are consistent, see also Ref. 2. In the PDF framework modeling is performed on the joint PDF (instead of its moments), e.g. on the stochastic equations representing ̺ * and v * i . In the case of the SDE (13) only the effects of the fluctuating pressure gradient and viscous dissipation are modeled, while the effects of the mean forces, from which M ij originates, are exact, see also Eqs. (17) and (41).
To summarize, in contrast to moment closures, the important source of turbulence in VD flows, M ij Eq. (32) , is closed in the PDF formulation. Redistribution, turbulent transport, dissipation and the triple correlations of the specific volume and the gradients of velocity and pressure are jointly modeled, Eq. (41). 
with M = M ii /2 and H = H ii /2. For comparison to constant-density flows, the GLM Eq. (7) produces the k equation
From Eq. (36), the equation governing k based on the Navier-Stokes equation (3) is
with the half of the traces of Eqs. (37-40),
Comparing Eqs. (42) and (44) shows that both yield the same evolution of k if
Eq. (49) can also be obtained from contracting Eq. (41).
As M ij appears closed, its trace, M, requires no explicit modeling. Eq. (49) in inhomogeneous VD flows with small scale anisotropy can be contrasted to Eq. (10) in homogeneous constant-density flows where the small scales are assumed to be isotropic. The differences are: the trace of the anisotropic diffusion coefficient tensor, H, pressure-dilatation, R, pressure and viscous transport, T , and the trace of the triple correlations, V.
In constant-density homogeneous flows R = T = V = 0 and Eq. (10) is a consistency condition that ensures that the GLM Eq. (7) creates no spurious turbulent kinetic energy in homogeneous turbulence. In contrast, Eq. (49) is a model for variable-density inhomogeneous flows with small scale anisotropy. As the joint PDF, f (̺, v), contains no information on the fluctuating pressure, its gradient or the velocity derivatives, their correlations require modeling. Eq. (49) indicates how the specifications of G ij , H ij , φ I and φ D yield a combined model for the effects of the pressure-dilatation covariance, the trace of transport and the triple correlations, R − T + V. R is important at high turbulent Mach numbers, while V at high Atwood numbers, see also Sec. VI.
To summarize, Eq. (49) provides a model constraint in inhomogeneous variable-density flows with small scale anisotropy for the effects of transport and scalar effects of variable density.
E. The ensemble Reynolds stress anisotropy equation: bij
The normalized one-point Reynolds stress anisotropy
is indicative of the fraction of the turbulent kinetic energy in a given component of the Reynolds stress tensor: −1/3 indicates no energy, while 2/3 indicates 100% energy in the component. Its importance in both constant-density and VD flows can be highlighted by writing the production term of v ′ i v ′ j due to mean deformation as
In our formulation, P ij is hidden in the Lagrangian derivative of the Reynolds stress balance Eq. (36), in as much as
Eqs. (51) and (52) show that the correct prediction of both isotropic and deviatoric parts of v ′ i v ′ j are important in representing the correct turbulence levels. To investigate how anisotropy is created and dissipated by the stochastic VD model, the evolution equation governing b ij is investigated in the following. The general case. The b ij equation of the VD PDF model is derived based on Eqs. (28) and (42):
with the deviatoric parts of M ij and H ij denoted by the superscript "d":
Eq. (53) is the most general case of b ij that can be represented by the VD SDE (13): it assumes variable density M ij = 0, anisotropic G ij and anisotropic small scales H ij = 0. Depending on the approximations that can be made, several simplified forms of Eq. (53) can be obtained.
(1) GLM in constant-density flows. As a special case, the GLM Eq. (7) for constant-density flows yields
This amounts to applying the GLM in constant-density flows, where G ij is given by an anisotropic model, as discussed in Pope. 18 It can be obtained from the general case by assuming constant density M ij = 0, anisotropic G ij and isotropic small scales H ij = 0.
(2) SLM in constant-density flows. Eq. (56) further simplifies if G ij is chosen to be isotropic, e.g. in case of the SLM, Eq. (12), since all terms involving G ij vanish, as expected:
resulting in Rotta's well-known linear return-to-isotropy model, 1,27 if C 0 = 2/3(C R − 1), where C R is Rotta's constant. This can be obtained from the general case by assuming constant density M ij = 0, isotropic G ij and isotropic small scales H ij = 0. (3) GLM in VD flows with small scale isotropy. If G ij is chosen to be anisotropic, while the small scales to be isotropic, H ij = 0, Eq. (53) simplifies to 2k db ij dt
where the superscript "i" indicates presumed small scale isotropy. This case amounts to applying the GLM in VD flows, where G ij is given by any anisotropic model, such as discussed by Pope. 18 It can be obtained from the general case by assuming variable density M ij = 0, anisotropic G ij and isotropic small scales H ij = 0. (4) SLM in VD flows with small scale anisotropy. If an isotropic G ij is chosen to be employed in the extended model, Eq. (13), for VD flows, in Eq. (53) the terms involving G ij cancel as in the constant-density case and b ij will be governed by
where the superscript "a" denotes presumed small scale anisotropy. This can be obtained from the general case by assuming variable density M ij = 0, isotropic G ij and anisotropic small scales H ij = 0. 
This can be obtained from the general case by assuming variable density M ij = 0, isotropic G ij and isotropic small scales H ij = 0.
In constant-density high-Reynolds-number flows that are free of large strains and rotations the small scales are isotropic. In contrast, Rayleigh-Taylor flows are anisotropic at all times at both large and small scales.
9-11,13,19
These variable-density flows are at moderate Reynolds numbers and free of large distortions. To this end we are concerned with both b ij and d ij .
In the homogeneous RT DNS of Livescu & Ristorcelli, 9,10 P ij = 0 thus M ij is the sole source of b ij which quickly vanishes in the initial stages of the flow evolution. On the other hand, b ij indicates anisotropy for the full extent of the simulations. This is most likely due to the suddenly decreasing turbulent Reynolds number closely following the behavior of M ij . As the significance of the non-linear term in the Navier-Stokes equation (compared to viscous dissipation) decreases, the efficiency of the non-linear cascade, that would transfer energy from the large to the small scales, weakens. This effectively locks in the anisotropy structure of b ij which thus dissipates very slowly.
The VD PDF model is designed to account for a source of anisotropy that is independent of M ij and a (possibly) initially nonzero b ij . That is, in principle, the model is capable of capturing the large and small scale anisotropy of variable-density, strained or low-Re flows through the combined effects of G ij and H ij . For generality, the following discussion supposes an initially zero b ij .
The special cases of Eq. (53) above show that there are two independent sources of anisotropy in the VD velocity field, represented by the SDE (13) (without significant shear-production): via G ij and via H ij . This is indicated by 1. Eq. (58), where H ij = 0 and the source is proportional to the anisotropic G ij , (large scale anisotropy), and, 2. Eq. (59), where the isotropic G ij has no effect and the source is proportional to H ij , (small scale anisotropy).
In the absence of shear production, P ij = 0, embedded in the Lagrangian derivative, Eq. (60) In summary, we showed that the VD SDE (13) allows for two independent sources of anisotropy, proportional to G ij and H ij , respectively. The question of whether G ij , which is capable of sustaining anisotropy in the absence of shear production, should be assumed isotropic (24), and, 3. G ij and H ij should provide the correct representation of the variable-density effects on the turbulent kinetic energy as given by Eq. (49).
F. The functional forms of φI and φD
This section establishes further constraints on the functions φ I and φ D , governing the diffusion terms in the VD SDE (13),
As a reminder, the mathematical representation of a diffusion process requires φ I , φ D and h ij to be nonnegative and bounded, which also ensures realizability. From the modeling point of view, it is customary to construct these functions so that only the isotropic part of Eq. (61) affects the turbulent kinetic energy budget, while only the deviatoric part affects the b ij budget. This is ensured if
which can be easily seen from the corresponding terms in the k equation (42),
and the b ij equation (53),
Eqs. (63) and (64) Since φ I must be non-negative, the following bounds on φ D must also be imposed:
As C 0 and H ij are bounded, Eqs. (62) and (65) ensure that φ I and φ D are also bounded. Thus we specify φ D as
where g(θ) is some function of the mixing state, θ, with g(θ) = 0 in the unmixed state and g(θ) = 1 in the fully mixed state. The simplest specifications for g(θ) and θ are through the first two density moments 8,10,36,37
Since ̺ ′2 is maximum in the unmixed state and vanishes in the fully mixed state, Eq. (67) ensures the required behavior of g(θ) in the extreme states. Incorporating the new specifications in Eqs. (62) and (66) for φ I and φ D into Eq. (13), the final form of the VD SDE is
where H ij = h ik h kj and H = H ii /2. Eq. (68) shows that H ij can have any unit, as it only enters in a normalized fashion and that the only restrictions on its functional form are being symmetric non-negative semidefinite and bounded so that statistics of the process exist and are well defined. Substituting Eqs. (62) and (66) into Eqs. (28) and (42) gives the final governing equations for the Reynolds stress and turbulent kinetic energy, respectively,
These equations show that only the normalized deviatoric part of H ij affects the second moments and only their anisotropic part, i.e. b ij . As mixing progresses g(θ)
takes on values from 0 to 1 and diminishes the small scale anisotropy, independent of H ij . The developed constraints on the diffusion coefficients φ I and φ D , Eqs. (62) and (66), ensure that (1) only the isotropic part of the sum of the two stochastic diffusion terms affect the evolution of k and (2) b ij is affected by only the normalized deviatoric part. Enforcing mathematical consistency on the constraints, a function of a mix metric, g(θ), naturally appears which ensures that the small scale anisotropy is diminished in the fully mixed state. The SDE (68) reduces to its constant-density counterpart, Eq. (7), as ̺ ′ → 0, i.e. ̺ * → ̺ 0 and g(θ) → 1.
G. Summary of the ensemble moment equations
We derived and analyzed the first two moment equations governed by the SDE (13) . The findings can be summarized as follows:
• The drift, G ij (v * j − v j ), affects the Reynolds mean velocity in VD flows. This must be taken into account by the specification of G ij as indicated by Eq. (27) .
• In contrast to moment closures, the important source of turbulence in VD flows, M ij defined by Eq. (30), appears closed in the PDF formulation and thus requires no explicit modeling. The relation (41) guides the modeling of the physical processes of redistribution, transport, dissipation and the triple correlations.
• We derived a model constraint in inhomogeneous variable-density flows with small scale anisotropy, Eq. (49), for transport and scalar effects of variable density.
• The VD SDE (13) allows for two independent sources of anisotropy, proportional to G ij and H ij , respectively. G ij is responsible for anisotropy at the large scales, while H ij at the small scales.
This allows the equation to capture both large (b ij ) and small (d ij ) scale anisotropy of variable-density, strained or low-Re flows.
• We developed constraints on the diffusion coefficients, Eqs. (62) and (66). These ensure that the isotropic part of the stochastic diffusion terms in Eq. (13) only affects the turbulent kinetic energy, while the Reynolds stress anisotropy is only affected by the deviatoric part. A mix metric ensures vanishing small scale anisotropy of different-density species in the fully mixed state.
• The final form of the VD SDE (68) (incorporating the constraints on the diffusion terms) reduces to the GLM for constant-density flows as ̺ ′ → 0.
V. FAVRE MOMENT EQUATIONS
Variable-density flows are traditionally investigated (and modeled) using Favre-averaged variables. This section derives the Favre moment equations of the VD velocity model, Eq. (13), and contrasts them to their counterparts based on the Navier-Stokes equation. This is useful in comparing the PDF formulation to existing Favre moment closures and provides insight for modeling unclosed terms.
A. The MDF transport equation
This section gives the transport equation from which the equations governing the Favre moments are derived.
The transport equation governing the joint mass density function (MDF),
can be obtained by multiplying Eq. (21) by ̺ and using the law of mass conservation,
where for simplicity, we kept φ I and φ D in the diffusion terms. This equation is integrated to obtain Favre moment equations. In Favre averaging the density acts as a weight, therefore the precise functional form of the density equation is unimportant from the viewpoint of deriving Favre moment equations of the velocity field. Two important characteristics of F are:
where Q(v) is almost any function 4 with its Favre average Q . These attributes of F serve as the basis of obtaining the Favre moment equations. 
(75) In moment closures v i is typically written asŨ i orṼ i . Contrasting Eq. (75) with its counterpart, derived from the variable-density Navier-Stokes equation (3),
shows that the SDE (13) is consistent with the NavierStokes Favre mean. All terms are the same, in closed form, containing no explicit model terms.
For comparison and later use, the Reynolds-averaged mean velocity equation, derived from the Navier-Stokes Eq. (3), is given by Eq. (26), or equivalently,
where the effects of the fluctuating specific volume (last two terms) are exposed and have been shown to be mod-
The above development shows that the PDF model Eq. (13) is consistent with the Navier-Stokes equation in both Favre and Reynolds-averaged frameworks in the mean. The effects of large density fluctuations appear hidden in the former and explicitly modeled in the latter. This is in contrast to Favre moment closures, where they are not accounted for if a constant-density model is used to represent the Favre Reynolds stress, v (26) from Navier-Stokes:
Comparing Eqs. (78) and (79) yields
the same as Eq. (27) 
In moment closures, 35, 38 equations are solved for ̺,
) and a i . In Eq. (81) the effects of the unclosed terms,
In contrast, in the PDF method, Eq. (80) shows that only the non-Boussinesq effects, v ′ p ′ , i − µv ′ ∇ 2 v ′ i , require closure assumptions. It is useful to investigate the model mass flux and mean velocity equations in the limit v i = 0. This holds exactly at arbitrary Atwood numbers in a homogeneous RT layer and at low Atwood numbers in the inhomogeneous RT layer. Also, v i ≈ 0 is still a good approximation in highAtwood-number inhomogeneous RT layers.
9 If v i = 0, then a i = v i , thus from Eqs. (75) and (78) we have
The same is obtained by setting v i = 0 in Eq. (24) with the advection term expanded as in Eq. 
The Favre Reynolds stress equation, derived from the VD Navier-Stokes Eq. (3), is
Comparing Eqs. (83) and (84) shows that the first three lines are the same. The terms proportional to a i represent the source of turbulence in the Favre-averaged framework whose role played by M ij in the ensembleaveraged framework, c.f. Eqs. (36) and (84) and see Eq. (32) that details the effects of the fluctuating specific volume. The correspondence of the remaining terms produces the modeling constraint
which can be contrasted to the one obtained from the comparison of the ensemble Reynolds stress equations, Eq. (41), to yield an expression for the triple correlations in V ij as
Similar to the ensemble-averaged framework, the half of the trace of Eq. (85) produces
A set of modeling constraints, based on the Favre Reynolds stress and turbulent kinetic energy, Eqs. (85) and (87), has been derived. These are analogous to Eqs. (41) and (49) in the ensemble framework and do not explicitly involve the triple correlations, V ij .
E. Summary of the Favre moment equations
We analyzed the Favre velocity moment equations, derived from the PDF model, that require modeling in VD moment closures. The main findings of this section can be summarized as follows:
• The PDF and Navier-Stokes Favre mean velocity equations are consistent. The effects of the fluctuating specific volume, hidden in the Favre formulation, are explicitly modeled in the ensemble framework, discussed in Sec. IV.
• We derived a modeling constraint that relates the model tensor G ij to the effects of the fluctuating specific volume, Eq. (82), which is as an approximation for Eq. (80) for flows with v i ≈ 0.
• We showed that the source of turbulence in VD flows in the Favre-averaged framework (the effect of the mass flux, a i ) appears closed in the PDF formulation. Pressure redistribution, transport and dissipation of the Favre Reynolds stress tensor and turbulent kinetic energy are jointly modeled according to Eqs. (85) and (87), respectively. These two equations can be used as a guideline for specifying G ij and H ij if the Favre framework is preferred.
VI. THE BOUSSINESQ LIMIT
The well-known Boussinesq approximation, in which the effects of variable density are only retained in the body force in the Navier-Stokes equation, is used in many situations. It is necessary to ensure that the VD SDE (13) can account for the Boussinesq limit.
A. The instantaneous Navier-Stokes equation: vi
To introduce the notation the VD and Boussinesq Navier-Stokes equations are given.
We start from two separate forms, written for the variable-density case and the Boussinesq case, respectively,
where d(·)/dt denotes the derivative along an instantaneous Lagrangian path. The density on the left hand side of Eq. (88), with the aid of the specific volume, ̺ = 1/v, can be decomposed as ̺ = 1/(v + ξv ′ ). Thus the above two equations can be written in a combined form that explicitly shows the departure from the Boussinesq-limit:
The non-dimensional ordering parameter, ξ = [0, 1], distinguishes between the Boussinesq case with ξ = 0, when
and the variable-density case with ξ = 1, when ̺·v+̺ ′ v ′ = 1, corresponding to 
Setting ξ = 0 and ̺ = 1/v gives the Boussinesq limit,
showing that in Boussinesq flows, where v = const., the mean velocity along an instantaneous Lagrangian path is governed by the same equation as in incompressible flows if the density is chosen as ̺ 0 = ̺ = 1/v = const.,
Setting ξ = 1 in Eq. (93) gives the mean velocity equation in the VD case as
the same as Eq. (26), since ̺ · v + ̺ ′ v ′ = 1. Comparing Eqs. (94) and (96) indicates that the fluctuating specific volume is directly associated with large density fluctuations in VD flows, due to their non-negligible effect on the inertia terms and the departure from the Boussinesq limit.
C. The Navier-Stokes ensemble Reynolds stress equation:
The equation governing the ensemble-averaged Reynolds stress, derived from Eq. (90) is
with R ij , T ij , ε ij and V ij defined by Eqs. (37) (38) (39) (40) and
As before, setting ξ = 0 and ̺ = 1/v gives the Boussinesq limit,
which does not involve the mean pressure gradient but contains the buoyancy force, g i , in M B ij , Eq. (98). Setting ξ = 1 in Eq. (97) gives the ensemble VD Reynolds stress equation
the same as Eq. (36), which does not involve the buoyancy force but contains the mean pressure gradient, p i , as the terms proportional to
D. The VD Langevin model in the Boussinesq limit
The asymptotic behavior of the SDE (13) for VD flows, as it reduces to the constant-density SDE (7) when ̺ ′ → 0, has been discussed in Sec. IV. Here we investigate the question: "Under what circumstances the moments of the VD PDF model approaches the moments of the Boussinesq limit?" The procedure yields additional model constraints.
The equations governing the ensemble-averaged mean velocity and Reynolds stress along instantaneous Lagrangian paths, respectively, derived from the SDE (13) , read
the same as Eqs. (24) and (28) . These equations constitute as models for Eqs. 
Correspondence of the Reynolds stress: v ′ i v ′ j . The asymptotic behavior of the model Reynolds stress equation can be most easily seen from the SDE that explicitly shows the departure from the Boussinesq limit:
where v * = v + ξv ′ . This is the same as Eq. (13) 
In the Boussinesq limit, where ξ = 0 and ̺ = 1/v, Eq. (107) as a model correctly reduces to the Boussinesq Navier-Stokes Reynolds stress Eq. (101), provided
i.e. if the effect of V ij in the VD model vanishes. Eq. (86) shows that this can be ensured if
In the fully VD case with ξ = 1 and The set of equations, indicative of how the various physical processes are represented by the PDF model at the first two levels of statistical moments, have been summarized in Table I . This is the starting point for developing possible functional forms of the coefficients, G ij , H ij and g(θ).
In the VD case the stochastic model equation is
Alternatively, if the development of a Boussinesq model is sought, the following equation automatically satisfies the requirements of the Boussinesq limit, Eqs. (105) and (109):
whose first two moment equations can be easily seen to reduce to Eqs. (94) and the modeled (101) with V ij = 0.
VII. CONCLUSION
We developed and discussed fundamental ingredients necessary for extending Langevin-type models from constant-density shear flows to variable-density pressuregradient-driven turbulence. A forthcoming article 21 will combine these ideas with the ones on active scalar mixing 2 to specify a joint probability density function (PDF) model for mixing-driven variable-density (VD) hydrodynamics and will present validation for RayleighTaylor flows.
In this paper we proposed a stochastic differential equation (SDE) for modeling the instantaneous velocity increments of Lagrangian particles in VD turbulence. The functional form of the equation and its consequences have been discussed in detail. Several consistency conditions and constraints, based on mathematical and physical considerations, have been developed. These results, summarized in Table I , are all rigorous mathematical consequences of the particular functional form of the proposed model equation and some basic physical considerations in VD flows.
In particular, we showed that the widely used generalized Langevin model 1 for the velocity PDF in constantdensity flows can be extended to VD flows to include the following features:
1. Representing variable-density effects.
The extended model incorporates the effects of large density fluctuations due to non-uniform species concentrations on the fluid particle momentum in variable-density turbulence. This includes:
(a) VD effects on the inertia and mean forces terms in closed form. These are cubic (as well as quadratic) non-linearities in the NavierStokes equation and the mixing arising from the strong coupling between the density and velocity fields.
(b) VD effects on the fluctuating pressure gradient and viscous forces in modeled form.
2. Closed mass flux and density-specific-volume covariance. In variable-density flows, these processes relate to a primary mechanism that generates turbulent kinetic energy through the mean pressure gradient. The joint PDF model for mixing-driven hydrodynamics is so constructed that the effects of the mass flux and the density-specific-volume covariance appear in closed form. Consequently, to represent these processes no explicit modeling is necessary, no additional equations need to be solved and the representation of these processes is mathematically and physically consistent. In VD moment closures these quantities require separate equations to be solved and their unclosed terms approximated.
3.
Independence from the density model. The formulation for the momentum equation is independent of the particular functional form of the density PDF model, but requires the knowledge of the instantaneous density, e.g. in the form of a SDE, such as discussed in Ref.
2. This allows the momentum equation to be coupled to any mixing model, representing the fluid density.
4. Consistent representation of the small scale anisotropy. Turbulence anisotropy is important in predicting the correct mixing state, mixing efficiency and the production of turbulent kinetic energy. Compared to most second order moment closures that model the large scale anisotropy and assume isotropic small scales, the developed stochastic equation represents anisotropy at both the large and the small scales. This is important in nonequilibrium, highly distorted, low-or moderateReynolds-number or variable-density flows.
5.
Reduces to the original model for constant-density shear flows. We showed that the model coefficients can be designed so that the stochastic VD model reduces to the constant-density case in the limit of vanishing density fluctuations.
Construction of a PDF model. A joint PDF model can now be constructed for variable-density turbulence where the stochastic density and velocity fields are coupled at the instantaneous level. The main ingredients for the hydrodynamics are collected in Table I , which is the essence of the paper. The VD momentum equation (first line) must be coupled to a fluid mass density PDF model, such as discussed in Ref. 2, that represents conservation of mass and the mixing. Then, in the velocity model, the tensors G ij and H ij , the mix metric function, g(θ), and the kinetic energy dissipation rate, ε, must be specified. Finally, the system must be augmented by an equation of state. The SDEs are discretized and numerically integrated in time for a large number of Lagrangian particles (representing the flow itself) in a Monte-Carlo fashion. Such a joint PDF model and its predictions for Rayleigh-Taylor flows are discussed in Ref. 21 .
